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1. INTRODUCTION 
In this paper, we shall investigate the uniform asymptotic stability of the 
zero solution of perturbed differential equations 
i = F( t, x) + G( t, x) (1.1) 
and 
i(t) =f(t, x,1 + g(t, XI), (1.2) 
where the dot denotes the right-hand derivative, F, G: Ix S(b) -+ R” and 
f, g: Z x C(p) --+ R” are continuous, F( t, 0) = G(t, 0) = 0, and f(t, 0) = 
g(t, 0) = 0. Here I and R denote the intervals 0 5 t < 00 and - cc < t < co, 
respectively. (For the definitions of S(p) and C(p), see Section 2.) There are 
many results on stability properties for (1.1) and (1.2) under some stability 
properties for 
and 
3=Ftt, Y) (1.3) 
I’(t) =f(t, Y,), (1.4) 
respectively (cf. [ 1-9, 111). For instance, in the case where F is Lipschit- 
zian, or periodic, or inner product, or linear, Strauss and Yorke [9] gave 
sufficient conditions on G for the zero solution of (1.1) to be eventually 
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uniformly asymptotically stable whenever the zero solution of (1.3) is even- 
tually uniformly asymptotically stable. Moreover, in [3, Halanay] and [6, 
Kato], sufficient conditions on g are given for the zero solution of (1.2) to 
be uniformly asymptotically stable (hereafter called UAS) whenever the 
zero solution of (1.4) is UAS, under the condition that f is uniformly 
Lipschitzian. In the case where F (or f) is almost periodic, Kato and 
Yoshizawa [7] discussed the stability under the perturbation by a class of 
functions, and further, they discussed the relationships among the integral 
asymptotic stability, the uniform asymptotic stability, and others via 
limiting equations. (For related stability results in functional differential 
equations with infinite delay, refer to [S, 81.) 
On the other hand, Chow and Yorke [l] showed that in order that the 
zero solution of (1.3) be integrally asymptotically stable, it is necessary and 
sufficient that there exist a Liapunov function with certain properties. 
Moreover, in [2] the author partially generalized this result to the 
functional differential equation (1.4). 
Here, by employing Liapunov’s second method, we shall discuss the 
uniform asymptotic stability of the zero solution of (1.1) and (1.2) 
including the case where F (or f) satisfies weaker assumptions than those 
stated in the above. In Sections 3 and 4, we shall discuss the uniform 
asymptotic stability of the zero solutions of (1.1) and (1.2), respectively. In 
Section 5, as an application of the results obtained in Section 4, we shall 
partially generalize Yoneyama and Sugie’s theorem in [ 111, which is an 
extension of Yorke’s stability theorem in [12]. Finally, the paper is 
concluded with an example. 
2. NOTATIONS AND DEFINITIONS 
Let q > 0 be a constant, and let C denote the Banach space of continuous 
functions 4: C-q, O]+R”‘, with the uniform norm, 11411 =suP~~~,~~ Id(s 
where 1.1 denotes any convenient norm in R". Further, for a constant 
fi > 0, let 
and 
S(B)= {x~R"':Ixl </I) 
c(Lv= {4EC: lldll SBI. 
Let C(b, L) (0 <L < co) be the set of 4 E C(p) such that j&6,) - +(6,)( i 
Lie, -8,l for all 8i, Q2E [ -4, 0] and C(j3, co) be U,=,, C(fl, {). For 
4~ W, ~), let MI 1 be the norm defined by II411 = II411 + J?, @(@I 4 
where d(0) denotes the right-hand derivative of d(u) at u = 8 if it exists and 
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0 if it does not exist. For any continuous function x(s) defined on 
-qss<T (O<Tsco) and any fixed t (Ost<T), X,EC is defined by 
x,(e) = x( t + 0), -q 5 8 5 0. Denoting by C(Z, R”) the set of all continuous 
functions on I with values in R”, let B c C(Z, R”) be a normed vector space 
with the norm 11 .IIB. Corresponding to (1.3) and (1.4), consider perturbed 
systems 
and 
ii-= F(t, x) + p(t), PUB (2.1) 
i.(t) =f(G x,) + p(t), p E B. (2.2) 
Let x(t, t,, x0) denote a solution of (1.1) (or (2.1)) through (to, x,), and let 
y(t, t,, y,) denote a solution of (1.3) through (to, y,). Solutions x(t, r,,, 4) 
and y( t, t,, 4) are similarly defined, where a function x(t) = x( t, t,, 4) is 
said to be a solution of (1.2) (or (2.2)) through (to, 4) if there exists a T 
(0 < TS co), such that x(t) is defined and continuous on [to - q, T), and 
satisfies (1.2) (or (2.2)) on [to, T) with x,,= 4. 
DEFINITION 2.1. The zero solution of (1.3) is stable under B pertur- 
bations (S under B for brevity), if for any E > 0, there exists a b(s) > 0 such 
that for any t, 2 0, any x0 E S(p), and any P E B, l-d < 4~) and llpll B < 4~) 
imply /x(1, t,, x0)1 <E for all t 2 t,. 
Let 9 c C(Z, R”) be a normed vector space with the norm 
IIPll,=jom IP( h 
If B = { 0 > or B = 9, S under B gives the definition of uniform stability or 
integral stability, correspondingly. 
DEFINITION 2.2. The zero solution of (1.3) is eventually uniformly 
stable, if for any E > 0, there exist an U(E) 2 0 and a B(E) > 0 such that for 
any to2 N(E) and any Y~ES(/I), ly,J <8(s) implies Iv(t, t,, y,,)l <E for all 
tzt,. 
DEFINITION 2.3. The zero solution of (1.3) is attracting under B pertur- 
bations (called A under B), if there exists a 6, > 0 and for any E > 0, there 
exists a Z(E) > 0 and an q(s) > 0 such that for any t, 2 0, any x0 E S(b), and 
any PEB, lyol ~6, and IIPII~<v(E) imply Id& to,yo)l <E for all 
tzt,+t(c). If B= (0) or B = 9, A under B gives the definition of uniform 
attraction or integral attraction, respectively. 
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DEFINITION 2.4. The zero solution of (1.3) is asymptotically stable 
under B perturbations (AS under B), if it is S under B and A under B. If 
B = (0) or B= 9, AS under B gives the definition of uniform asymptotic 
stability or integral asymptotic stability, correspondingly, 
3. UNIFORM ASYMPTOTIC STABILITY IN ORDINARY 
DIFFERENTIAL EQUATIONS 
In this section, we shall discuss the uniform asymptotic stability of the 
zero solution of (1.1). First we prove 
THEOREM 3.1. Suppose that for some y E (0, p), there exists a continuous 
Liapunov function V( t, x): Ix S( y ) + I which satisfies the conditions: 
(i) a(lxl)5 V(t,x)5b(lxI) on IxS(y), where a(s) and b(s) are 
continuous, increasing and positive definite. 
(ii) IV(t,x)-V(t,y)IsL(t)lx-yl on ZxS(y), where L:Z+Z is a 
continuous function. 
(iii) Pc,,,,(t, x)s -cV(t, x) on IxS(y), where VC1,3j(t, x) = 
limsup,,,, (1/6){V(t+&x+6F(t,x))-V(t,x)} and c is a positive 
constant. 
Then : 
(I) tf for some h E (0, p), there exists a locally integrable function 
B: I--f I such that 
and 
IG(t, x)l 5 B(t) on ZxS(h), 
s 
ffl 
L(u) B(u) du --r 0 as t+oO, 
I 
and if the zero solution of (1.1) is unique to the right, then the zero solution 
of (1.1) is UAS, and 
(II) there exists a continuous function n(t, r): Ix [0, y) + Z, which is 
increasing and positive definite in r, such that if 
IG(t, XII 5 v(t> I4 1 on IxS(y), 
then the zero solution of (1.1) is UAS. 
Proof. (I) First we prove that the zero solution of (1.1) is eventually 
uniformly stable. Let y , be any number with 0 < yi < min{ h, y >. Suppose 
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that the zero solution of (1.1) is not eventually uniformly stable. Then there 
exists an s>O, sequences {to}, {sn}, {xn}, and {x(s, t,, x,J} such that 
s, > t, > n, (x,1 < l/n, ]x(s, t,, x,)1 < y1 for t, 5 s 5 s, and Ix(s,, t,, x,)1 3 E. 
Since we have j&e (U-‘)(‘L(~) B(u) du --) 0 as t + co from the assumption 
1;” L(u)B(u) du +O as l-+cc and ~{2e’“-‘)“du-+0 as r-+co, we can 
choose an n such that 
e(U-Sn)CL(u)B(u) du < U(E). 
From (iii), it follows that for t, 5 s 5 s,, 
V(s, x(s, t,, x,)) 5 V(t,, x,) e(‘nps)’ + 
s 
’ e(“-s)cZ,(u)B(u) du. 
1, 
Setting s = s,, we obtain 
V(s,, x(s,, t,, x,)) 5 b i + ‘” e(“-“n)‘L(u)B(u)du < U(E). 
0 j I* 
On the other hand, by (x(s,, t,, x,)1 2.s and (i), we have 
mm x(&7, t,, x,)) 2 4laz, t,, -%)I) 2 4&L 
which is a contradiction. Thus the zero solution of (1.1) is eventually 
uniformly stable. From this fact and the uniqueness to the right of the zero 
solution of ( 1.1 ), we can easily conclude that the zero solution of (1.1) is 
uniformly stable. 
Next we prove that the zero solution of (1.1) is uniformly attracting. 
Since the zero solution of ( 1.1) is unique to the right and we have 
Sh e(U-“‘L(u)B(u) du -+Oast+cg,wecanchoosea6E(O,y,)andaT>O 
such that 
b@)+supj+’ e(Up’)CL(u)B(u) du < a(~~), 
rz7- 0 
and toe [0, T] and lx01 ~6 imply Ix(t, to, x0)\ <y, for tos t5 T. 
Suppose that the zero solution of (1.1) is not uniformly attracting. Then 
for the chosen 6, there exists an E >O, sequences {t,,}, {sn}, {xn}, and 
{x(s, t,, x,J} such that t, 20, s, > t, + n, 1x,( < 6, Ix(s, t,, x,)1 < y, for 
t, 5 s 5 snr and Ix(s,,, t,, x,)1 2 E. Choose an n such that 
b(6) epc” + 1’” e’“-s~“L(u)B(u) du < U(E). 
1. 
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From (iii), for t, 5 s 5 s, we obtain 
V(s, x(s, t,, x,)) 5 V(t,, x,) e(‘np”)‘+ 
s 
’ e(“p”)‘L(u)B(u) du. 
f” 
Taking s = s,, we have 
W,, xb,, t,, x,1) 546) e ++r e(U-“n”L(u)B(u) du < a(v). IfI 
On the other hand, Ix(s,, t,, x,)1 2s and (i) imply 
V(sm x(s,, t,, x,)) 2 4lxh, t,, x,)1) 2 a(c), 
which is a contradiction. Thus the zero solution of (1.1) is uniformly 
attracting, and hence, is UAS. 
(II) Let k be any number with 0 <k < 1, and let q(t, r): Ix [0, y) --+ I 
be a continuous function such that L(t)q(t, r) 5 cka(r) and q(t, r) is 
increasing and positive definite in r. If IG(t, x)1 5 q(t, 1x1) for t 2 0 and 
1x1 < y, then we obtain 
V$,.,,(t,x)5 -cV(t,x)+cka(lxl)5 -(l-k)cV(t,x), 
which ensures that the zero solution of (1.1) is UAS. 
Chow and Yorke [ 1) have studied the integral attraction of the zero 
solution of (1.3). They obtained the following result. 
THEOREM 3.2 (Chow-Yorke). If the zero solution of (1.3) is unique to 
the right and is integrally attracting, then for some y E (0, /?), there exists 
a continuous Liapunov function V( t, x): I x S(y) + I which satisfies the 
conditions: 
(i) a(lxl)s V(t,x)sIxI on IxS(y), where a(s) is continuous, 
increasing and positive definite. 
(ii) IV(t,x)- V(t, y)J 5 Ix- yl on ZxS(y). 
(iii) vc,.3)(t, x) 2 - V(t, x) on Ix S(y), where 
limsup,,,, (1/6){V(t+c$x+6F(t,x))-V(t,x)}. 
Vi(l.3J(t, x) = 
As a direct consequence of Theorems 3.1 and 3.2, we have 
COROLLARY 3.1. Suppose that the zero solution of (1.3) is unique to the 
right and is integrally attracting. Then: 
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(i) if for some h E (0, p), there exists a locally integrable function 
B: I+ I such that 
IG(t, XII 5 B(t) on Ix S(h), 
s !+I B(u) du + 0 as t-ccl, I 
and if the zero solution of (1.1) is unique to the right, then the zero solution 
of (1.1) is UAS, and 
(ii) there exists a continuous, increasing, positive definite function 
q: [0, h) -+ I such that if 
IG(t, XII 5 rl(lxl) on ZxS(h) 
for some h E (0, j?), then the zero solution of (1.1) is UAS. 
4. UNIFORM ASYMPTOTIC STABILITY IN FUNCTIONAL 
DIFFERENTIAL EQUATIONS 
Consider the functional differential equation (1.4) and its perturbed 
system (1.2). For f and g, we make the following assumptions. 
(Hl) There exists a continuous function v: I -+ Z such that 
If(t, 4)I 5 v(t)Ml on Ix C(B), 
and 
I 
[+l 
sup v(u) du < co. 
rzo f 
(H2) There exists a continuous function w: I + Z such that 
IS(G 411 s w(t)ll@ll - on Ix C(P), 
and 
s t+1 sup w(u) du < co. rto r 
Under these conditions, for z(t) = v(t) + w(t), we have If(t, 4) + 
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g(t, q5)I 5z(t)ll#ll on Ix C(j). Thus for any t,,zO, and any 4~ C(B), and 
any solution x( t, to, 4) of (1.2), we obtain 
llx,(b9 $111 S MI exp (J’ 4~) du) 
4 
as long as x( t, t,, 4) is defined. 
For Definitions 2.1, 2.3, and 2.4, the definitions of corresponding stability 
can be given in the same manner, that is, by replacing the initial value 
xOe S(P), lxoI. and the solution x(t, to, x0) by 4 E C(b), 11411, and x(t, to, 41, 
respectively. Let r > q be a constant. Now (11. II r, 11. II ,) - A under B w.r.t. 
C(b, co) on [r, co) means that tohO, ALEC. 11~11, and Ix(t, to,q5)I are 
replaced by t,Ir, @E C(/?, co), ~~qQ r, and Ilx,(t,, d)IIr, respectively, in the 
definition of A under B. 
Under (Hl) and (H2), it is clear that the following lemma holds 
(cf. PI). 
LEMMA. With respect to the zero solution of (1.2), A under (0) implies 
the untform stability, and the uniform asymptotic stability and the 
(11. II,, 11. II,)-attraction under (0) w.r.t. C(/?, co) on [r, 00) are equiualent. 
Now let Sc,,2j(f, 4) be the set of the solutions x(s) = x(s, t, 4) of (1.2) 
through (t, 4). First we prove. 
THEOREM 4.1. Suppose that (H 1) and (H2) hold, and that for some 
y E (0, /?) and r > q, there exists a family of Liapunov functionals { V(t, 4, L)} 
(L > Lo, where Lo 2 0 is a constant) defined on [r, co ) x C(y, 00 ) which 
satisfies the conditions: 
(i) V(t, x,, L) is continuous in t if x(t): [r-q, 00) + S(y) is 
L,-Lipschitz continuous, where L 2 L,. 
(ii) a(Il4II,)S ~(~,hL)Sb(ll4lI~) on IIr, a)xC(y, 001, where 4s) 
and b(s) are continuous, increasing and positive definite. 
(iii) ~&f, 4, L) 5 -cV(t, 4, L) + L(t)lg(t, 411 on Cr, a) x C(Y, L), 
where ~~,(t, 4, L) =suP~(~)~~~,~~(,,~) limsup,,,, (l/~)IVt+4 x2+*, L)- 
V(t, 4, L)}, c is a positive constant, and L(t): I+ I is a continuous function. 
Then: 
(1) isjt ‘+ I L(u)w(u) du + 0 as t -+ co, then the zero solution of (1.2) 
is UAS. and 
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(II) there exists a continuous function q(t, r): Ix I-+ Z, which is 
increasing and positive definite in r, such that if 
I At, 411 5 ?(C 11411 I) on Ix Cty, co), 
then the zero solution of (1.2) is UAS. 
Proof In order to prove the uniform asymptotic stability of the zero 
solution of (1.2), it is sufftcient to prove the (I/ . II i, II . II ,)-attraction under 
(0) w.r.t. C(/?, co) on [r, 00) since they are equivalent by the above 
lemma. 
(I) Let yi be any number with O<y, <y, and let BE (0, ri) and 
T> 0 be numbers such that 
bt6)+Yl supj’ e(up’)cL(u)w(u) du < a(yl), 
rzr 0 
and 
Suppose that the zero solution of (1.2) is not (11. II,, 11. II ,) -A under (0) 
w.r.t. C(& co) on [r, co). Then for the above 6, there exists an s>O, 
sequences {tn}, {sn}, {d,}, and {x(s, t,, 4,)) such that tn2r, s,> t,+n, 
4, E C(YI, ~), II&II1 < 4 I-4.c t,, &,)I < yl for t, 5 3 5 s,, and 
IIxJt,, #,)I1 i 2 E. Now choose an n such that 
b(d)e-‘“+y, J’” e(“-“n)‘L(u)w(u) du <a(e). 
r” 
Let d,~C(y~, L+) and M=Y, sup,,~,~;,,z(s). For an L>max(L,, M, 
y/(r - q)}, consider V(t, 4, L). From (iii), for t,, 5 s 5 s,, we have 
V(s, .x,(t,, q3,,), L)s V(t,,, in, L)e(‘n-“)c+y, I 
’ e(ups)cL(u)w(u) du. 
r. 
Setting s = s,, we obtain 
V(s,, x,Jt,, #,), L) 5 b(6) eeCn + y, 1” e(“-sn)CL(u)w(u) du < a(E). 
1. 
On the other hand, by llxsn(tn, 4,,)II i 2 E and (ii), it follows that 
Us,, xsntL, &A L) 2 4 IlxJt,, &JII I 2 a(E), 
which is a contradiction. Thus the zero solution of (1.2) is UAS. 
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(II) Let k be any number with 0 < k < 1, and let ~(t, r): Ix I-+ Z be a 
continuous function such that L(t)q(t, r) 5 cka(r) and ~(t, r) is increasing 
and positive definite in r. If Ig(t, d)I sq(t, 11411 1) for ~20 and 4~ C(y, cc), 
then we have 
and we can prove similarly as in (I) that the zero solution of (1.2) is UAS. 
In Theorem 4.1, the condition a( 11411 1) 5 V(t, 4, L) is really quite strong. 
But it is shown in [2] that if the zero solution of (1.4) is integrally attrac- 
ting, then there exists a family of Liapunov functionals which satisfies the 
conditions in Theorem 4.1. These Liapunov functionals are constructed as 
follows. 
Let y and L be numbers such that 0 < y < p and L > y/(r - q). For each 
(t, 4) in [r, co) x C(/I, co), A,(& 4, L) denotes the set of Lipschitz 
continuous functions <: [ -4, t] -+ R” such that 
to = 0, 5, = 4, t, E C(Y, L) for Onset-q. 
Define a Liapunov functional V(t, 4, L): [r, 00) x C(/?, co) + Z by 
Then the following theorem holds (cf. [2]), 
THEOREM 4.2. Suppose that (Hl ) holds. Zf the zero solution of (1.4) is 
integrally attracting, then for some y (0 < y < B) and r > q, there exists a 
family of Liapunov functionals { V(r, 4, L)) (L > y/(r - q)) defined on 
[r, 00) x C(y, 00) which satisfies the conditions: 
(i) V(t, x,, L) is continuous in t if x(t): [r-q, oo)+S(y) is 
L,-Lipschitz continuous, where L 2 L,. 
(ii) 4II4II 1) 5 Vt, 4, L) 5 Wll I on [r, co) x C(y, co), where a(s) is 
continuous, increasing and positive definite, and K is constant. 
(iii) ~&t, 4, L) 5 - Vf, 4, L) + Id6 411 on Cr, 03) x C(Y, L). 
By combining Theorems 4.1 and 4.2, we have 
COROLLARY 4.1. Suppose that (Hl ) and (H2) hold. Zf the zero solution 
of (1.4) is integrally attracting, then 
(i) if s:+ l w(u) du -P 0 as t -+ 03, then the zero solution of (1.2) is 
UAS, and then 
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(ii) for some h E (0, j?), there exists a continuous, increasing, positive 
definite function q: I + Z such that $ 
Is(t, 411 5 rlM1) on Ix C(h, oo), 
then the zero solution of (1.2) is UAS. 
In [3, Halanay], under the condition that f(t, 4) is uniformly Lipschit- 
zian in 4, it is shown that if the zero solution of (1.4) is UAS, then it is 
integrally attracting. The following theorem is a direct consequence of this 
result and Corollary 4.1. 
THEOREM 4.3. Suppose that (H2) holds. Zf f(t, 4) is uniformly Lipschit- 
zian in 4, and zf the zero solution of (1.4) is UAS, then (i) and (ii) in 
Corollary 4.1 hold. 
Remark. In [3, Halanay], it is shown that if f (t, 4) and g(t, 4) are 
uniformly Lipschitzian in 4, and if for some h E (0, /I), lim, _ o. g(t, 4) = 0 
uniformly for 4 E C(h), then the uniform asymptotic stability of the zero 
solution of (1.4) implies the uniform asymptotic stability of the zero 
solution of (1.2). On the other hand, in the case where (1.4) has the infinite 
delay and f (t, 4) is uniformly Lipschitzian in 4, the uniform asymptotic 
stability of the zero solution of its perturbed system is discussed in [6, 
Kato] by using a Liapunov functional under a condition similar to the one 
in Corollary 4.1 (ii). 
5. APPLICATION 
In this section, we shall show an application of the results obtained in 
Section 4. Consider Eq. (1.2) with m = 1. Here we make the following 
assumptions for f: 
for all sequences t, -+ co and 4, E C(b) converging to a constant 
nonzero function in C(B), f (t,, 4,) does not converge to 0. (5.1) 
There exists a continuous function v: Z+ I such that 
--u(tW(#) Sf(f, 4) 5 v(t)W -4) on Ix CUO, (5.2) 
where M(#)=max{O, SUP,,~-~,,,~ 4(s)>, and 
s 
'fq 
limsup 
3 f+Y 
r-m f 
v(u) du <? and liminf s v(u) du > 0. (5.3) r+m , 
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In [ 111, Yoneyama and Sugie have studied the uniform asymptotic 
stability of the zero solution of the perturbed system 
R(t) =f(t, x,) + G(t, x(t)), (5.4) 
where G: Ix S(b) + R is continuous. 
THEOREM 5.1 (Yoneyama-Sugie). Suppose that there exist continuous 
functions u, w: I+ Z satisfying (5.2), (5.3), 
and 
IG(t, XII S w(t)lxl on Ix w, 
s 
00 (5.5) 
w(u) du < co, 
0 
for all sequences t, + co and 4, E C(B) converging to a constant 
nonzero function in C(B), f (t,, 4,) + G( t,,, d,(O)) does not converge 
to 0. 
Then the zero solution of (5.4) is UAS. 
By combining Theorems 4.3 and 5.1, we have 
THEOREM 5.2. Suppose that f (t, 4) satisfies (5.1) and the uniform 
Lipschitz condition in I++, and that there exists a continuous function v: I-+ Z 
satisfying (5.2) and (5.3). Then: 
(i) ifg satisfies (H2) with m= 1, and ifs;+’ w(u) du-0 as t + 00, 
then the zero solution of the scalar equation (1.2) is UAS, and 
(ii) there exists a continuous, increasing, positive definite function 
11: I+ Z such that if 
Ig(t, 411 ~dII4II,) on Ix C(y, 03) 
for some y E (0, fi), then the zero solution of the scalar equation (1.2) is UAS. 
Proof. Since the function G( t, x) = 0 satisfies (5.5) with w(t) = 0, all 
conditions in Theorem 5.1 are satisfied for G(t, x) E 0 under the above 
assumptions. Thus the zero solution of the scalar equation (1.4) is UAS. 
Moreover, (5.2) and (5.3) imply (Hl ), and hence, we can conclude by 
Theorem 4.3 that the zero solution of the scalar equation (1.2) is UAS. 
Remark. Clearly (5.5) is stronger than the conditions in (i) for 
g( t, 4) = G( t, 4(O)). On the other hand, f (.t, 4) is not necessarily required in 
[11] to satisfy the uniform Lipschitz condition in 4. Thus the part (i) of 
this theorem is a partial generalization of Theorem 5.1. 
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Finally we present an example. Consider the scalar functional differential 
equation 
i(t)= -v(t)F(y(t-r(t))), t 2 0, (5.6) 
where v: I + Z is continuous, bounded, and satisfies (5.3), F: R -+ R is con- 
tinuous, xF(x)>O if x#O, and IF(x)-F(y)/ 5 lx-~1, and r:Z+ [O,q] is 
continuous. Thenf(t, 4) = -v(t)F(& -r(t))) satisfies the uniform Lipschitz 
condition in 4 and (5.2). Though f does not necessarily satisfy (5.1), it is 
easily seen that if a solution y(t) of (5.6) monotonically approaches a 
constant c as t + co, then c must be 0. Thus the zero solution of (5.6) is 
UAS (cf. [ 11, 121). For (5.6) consider its perturbed system 
i(t)= -v(t)F(x(t-r(t)))+p(t)F(x(t-r(t))), t 2 0, (5.7) 
where p: I + R is continuous and satisfies 
s It1 IP( A+0 as t-+co. f 
Then g(t, d)=p(t)F(d(-r(t))) satisfies (H2) with m= 1 and w(t)= Ip(t 
Thus the zero solution of (5.7). is UAS by Theorem 5.2(i). 
Remark. Equation (5.7) can be rewritten as i(t) = -e(t)F(x(t - r(t))) 
with e(t) = u(t) - p(t), and in [lo], the uniform asymptotic stability of its 
zero solution is discussed under the condition that e(t) 2 0 (see [lo, 
Theorem 3.11). If we take u(t) = 1 + sin t, q = + and p(t) = - (sin t)/(t + l), 
then the above conditions are satisfied, and consequently, the zero solution 
of (517) is UAS. But we cannot apply Theorem 3.1 in [lo] since 
e(t) = 1 + sin t + (sin t)/(t + 1) < 0 for some arbitrarily large t. 
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